MOMENTUM OPERATORS IN THE UNIT SQUARE 
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Abstract. We investigate the skew-adjoint extensions of a partial derivative 
operator acting in the direction of one of the sides a unit square. We in- 
vestigate the unitary equivalence of such extensions and the spectra of such 
extensions. It follows from our results, that such extensions need not have 
discete spectrum. We apply our techniques to the problem of finding commut- 
ing skew-adjoint extensions of the partial derivative operators acting in the 
directions of the sides of the unit square. 

While our results are most easily stated for the unit square, they are es- 
tablished for a larger class of domains, including certain fractal domains. 
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1. Introduction 

Consider P,„in '■— 7^7^ acting in ([0, 1]) . This operator is symmetric and its 
selfadjoint extensions are in one-to-one correspondence with the complex numbers 
e (9) := e'^'^^, < 9 < 1. The selfadjoint extension Pg corresponding to e (9) has 
domain 

dom(P,) := {/ e ([0, 1]) \ f E ([0, 1]) , /(I) = e{9)f{0)} 

and Pgf = -j^f, for / in dom{Pg) , the derivative is in the distribution sense. 
The spectrum of Pg is the set 9 + Z :— {9 + m | ?ti G Z} . See, for example, [RS75]. 
In particular. Pg is unitary equivalent to Pg + I and Pg is not unitary equivalent 
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to Po' unless 9 = 6'. In this paper we extend this analysis to -^-^^^ acting in the 
unit square [0, 1]^ . We apply our techniques to investigate the characterization of 
commuting selfadjoint realizations (extensions) of and in the infinite 

strip [0, 1] X K, the square [0, if , and in [0, 1] x C, for certain fractal sets C. 

More precisely, we consider operators in the Hilbert space ([0, 1]^) of square 
integrable functions [0,1]^ — 5- C equipped with the inner product 

{f,g)= / f{x,y)g{x,y)dxdy. 
Jo Jo 

The operator Pmin = '^^x with domain dom(Pniin) = C*^ ([0, 1]^) is symmetric^ 
that is 

{Pminf,9) = {f,Pming) 

for aU f,g in ([0, 1]^) . The adjoint of Pmin is P^in = -Pmax = w^d^, acting in 
the distribution sense, with domain 

dom (Pmax) = {/ e P' ([0, 1]') I d,f e p2 ([0, 1]') } . 

Hence, for fc = 0, 1, the map / — > f{k, ■) maps dom(P„iax) onto ([0, 1]) and 

(Pmax/, g) - if, Pmax.9) = t2n ^ J{T;^)g{l , y)dy ~ ^ 'mV)giO, y)dy^ , 

for all / and g in the domain of Pmax- The selfadjoint extensions of Pmin are in 
one-to-one correspondence with the unitary operators V acting in P^([0, 1]) : The 
selfadjoint extension Py of Pmin corresponding to the unitary V is the restriction 
of Pmax whose domain dom (Py) is the functions / in dom (Pmax) that satisfies the 
boundary condition 

/(I,-) = 1^/(0,-). (1.1) 

We will call V a boundary unitary. 

In the interval case Pg and Pg' are unitary equivalent if and only ii 9 ^ 9' . The 
analogue for the unit square is: 

Theorem 1.1. Let U,V : L^([0, 1]) — >■ P^([0,1]) be two boundary unitary opera- 
tors. Then the corresponding selfadjoint extensions Pu and Py of Pmin are unitary 
equivalent if and only if U and V are unitary equivalent. 

In the case of the interval the spectrum Pg is discrete, in fact equal to + Z. But 
for the square the spectrum of Py has a much richer structure. Theorem 4.3 gives 
a description of the spectral measure associated with Py in terms of the spectral 
measure associated with V. Theorems 1.2 and 1.3 are consequences of Theorem 4.3. 

Theorem 1.2. Let Py be a selfadjoint extension of Pmin associated with the bound- 
ary unitary operator V : -/^^([0, 1]) — )■ i^([0, 1]). Then Py + 1 is unitary equivalent 
to Py. 

A consequence of the following result is that, in contrast to the interval case, the 
spectrum of Py need not be discrete. 

Theorem 1.3. The spectrum of Py equals the set of X for which e (A) is in the 
spectrum of V. 
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A pair {fi, v) of measures on M'' is called a spectral pair, if F : f ^ f (A) := 
/ f{x)e (— A.t) diJ.{x) determines a unitary F : (/i) (v) . In this form the 

notion was introduced in [ JP99] . The case where /i is a the restriction of Lebesgue 
measure to a measurable set was studied in [Ped87], in this case the set is called 
a spectral set, provided (p, v) is a spectral pair for some measure v. The notion was 
introduced in [Fug74] in the case where has finite Lebesgue measure. A connected 
open set in R'' is a spectral set if and only if there are commuting selfadjoint 

extensions of the partial derivatives -^dx^ , k ~ 1, . . . ,d, in (Q) . In the 

affirmative case, the support of 1/ is the joint spectrum of the commuting selfadjoint 
extensions. See, [Fug74], [J0r82]. and [Ped87] for proofs of these claims. We use 
Theorem 4.3 to characterize the boundary unitary operators that lead to commuting 
extensions of the partial derivatives and we calculate the joint spectra for the infinite 
strip, the unit square, and a fractal domain. This was previously done for the unit 
square, by a different method, in [JPOO]. 

While our primary interest is in the unit square, we find it convenient to establish 
many of our results in a more abstract setting. This also allows us to apply our 
techniques to the study of spectral sets. Using 



we replace the second L^— space by a generic Hilbert space and we replace the 
interval [0, 1] by the generic interval [a,/3]. 

Fix real numbers a < /3 and a Hilbert space H. Consider the Hilbert space 

of L^— functions [a, f3] ~^ H equipped with the inner product 

(fig) f\.f{x)\g{x))dx, 



where (/(a;) | g{x)) is the inner product in H. We will consider selfadjoint extensions 
of the operator Pq determined by 

Pof ■= ik^f 

with the domain 

dom(Po) := {./ e (K/?],^) \ f & ([«,/?], ff) , /(a) = = 0} . 

The selfadjoint extensions of Pq are determined by boundary conditions, more pre- 
cisely, they are parametrized by the unitary operators U : H ^ H. The selfadjoint 
extension Pu corresponding to the unitary U is 

Puf^^r (1-2) 

for 

/ G dom {Pu) :={feL^ {[a, P],H)\f'e ([a, P],H), /(/?) = Uf{a)) . (1.3) 

For more details on this correspondence, see Appendix A. 

Section 2 contains a formula for the unitary group e (aPu) ■ This formula is used 
to prove Theorem 1.1. In Section 3 we discuss eigenvalues and eigenvectors of Pu 
and we present some natural examples where Pu has a complete set of eigenvectors. 
In Section 4 we establish the connection. Theorem 4.3, between the projection- 
valued measures of Pu and of U. We use this connection to establish Theorems 1.2 
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and 1.3. Section 5 includes the analysis of spectral pairs discussed above. Appendix 
A contains the details needed to establish that the collection Pjj , U unitary in H is 
the collection of all self adjoint extensions of Pq. Appendix B contains some open 
problems. 

The papers [HirOO] and [Ree88] contains discussions of momentum operators 
in the complements of simple compact sets. In fact, any paper discussing the 
canonical commutation relations in proper subsets of M.'^, for d > 1 contains, at 
least implicitly, material related to the present paper. For other recent work on 
momentum operators we refer to [Car99], [ESIO], [Exnl2], [FKW07], [JPT12a], 
[JPT12d],[JPT12b], and [JPT12c]. 

This paper is based on standard operator theory, the needed background can be 
found in [RS72, RS75]. Some recent text books containing most, but not all, of 
what we need are [dO09] and [Gru09]. 

2. The Unitary Group 

Fix a < (3. For a real number r, let a < {r) < [3 and [r\ G Z be such that 
r = + L''J {l3 — ct)- Note, (r) and [rj are uniquely determined by these conditions. 
For a fixed real number a, the transformation Tq : a; — > (x + a) is a measure 
preserving transformation of [a, hence Taf / o Tq is a unitary in L^([a, /?]). 

Corresponding to any selfadjoint extension Py, there is strongly continuous uni- 
tary one-parameter group a — >■ e (aPv) , where 

e(r) := e'^''\ 

The unitary group can, for example, be determined from Py by an application 
of the spectral theorem. The result below establishes an explicit formula for the 
action of e (aPy) . Conversely, Py can be obtained from e (aPy) by differentiating 
a e (aPy) at a = 0. 

Proposition 2.1. Let V : H ^ H he a unitary and let Py he the corresponding 
selfadjoint extension of Pq determined by (1.2) and (1.3). The unitary group a — > 
e (aPy) satisfies 

e{aPv)f{x)^ (T„®l/L-+'^j)/(x-) = FL-+aJj((^ + ^)) (2.1) 
for all f in L'^ {[a, l3]) (E> H, a.e. x in [a, 13] , and all a in K. 

Proof. This is well know, we include a proof for completeness. Let Ua ■— Ta ® 
y\x+a\ ^ We must show that e{aPv) = Ua- We begin by checking that Ua is a 
strongly continuous unitary one-parameter group. 

Let / denote the identity in {[a, /?]) . Then / ® 1/L^+"J is unitary because 

/^l/L-^J 
/®Fi+L«J 



with respect to the decomposition 

([0, 1]) ® = (L^ ([a, 13 - (a)) ® H) ® (i^ _ («) , /?) ® ij) 

of Li^ ([0, 1]) ® H. Hence Ua is unitary, since Ta is unitary. 

Next, we check that C/q, a £ R is a group action, that is that UaUb = f/a+6, for 
all a and h in R. Consider f{x) = g{x)h, where g ^ {[a, /3]) and h € H, then 
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Hence, 

Uaf{x)^g{{x + a))V^-+-ih 

so 

Ua{Ubf){x) = Uh[g{{x + a})(v^-+-ih)) 

= .g(((.T + a) + fe))yL(^+a>+bJ (v^^+'^^hy 

Now ((a; + a) + 6) = {x + a + b) and [(a; + a) + 6J + [.t + aj = [x + a + b\, hence 
UaUb = t^a+b for £^11 simple tensors f{x) = g{x)h and therefore for ah / m 
L^{[a,l3])(g>H. 

To see that a — s- [/„/ is contmuous. Consider f ^ ([a, P — b)) ® H for some 
< < ^ - a. Then 

Uaf{x)^ f{x + a) 

for all a < b. Hence Uaf — / as a — > 0. Since, Uo<b</3-a (["^i/^ ~ b)) ® H is 
dense in ([a,/?]) (g) if, we conclude that Ua is strongly continuous. 

Since Ua is a strongly continuous unitary group on ([a,/3]) iJ, there is a 
selfadjoint operator Q on {[a, f3]) (g) H such that e(aQ) = Ua for all a 6 R. Now 

^Q/ = lim (c/^/ _ /) 

and the domain of Q is the set of all / for which the limit exists. If f : [a, /3] ^ H 
is compactly supported in (a,/3), then for sufficiently small a we have 

l^a(Uaf-f)ix)^^Jfix + a)-fix)), 

by definition of Ua- Consequently, Pq C Q, meaning that Pq is a restriction of Q. 
Taking the adjoint gives Q C Pq*. Hence, if / G dom(Q), then / G dom(PQ), 
hence, by Lemma A.l, f'{x) exists and Qf{x) = j^f'{x) for a.e. x in (a,/?). Let 
< a < P — a. then we have 

^ (C/a/ " /) (x) = ^ {Vf{{x + a)) - /(.x)) (2.2) 

when /3 — a < a; < /3, by definition of Ua- As a — > 0, we have x ^ /3, (x + a) — > a, 
so fix) -> /(/3), and Vf{{x + a)) Vf{a)- Thus, (2.2) implies /(^) = Vf{a)- It 
follows that dom((5) C dom (Py ) . Consequently, Q = Py as we needed to show. □ 

Lemma 2.2. The unitary group e (aPy) in Lp' {[a, I3\)®H and the boundary unitary 
V in H are related by 

e{{P-a)Pv)^I®V, (2.3) 
where I is the identity operator in ([a,/3]) . 

Proof. Set a = /3 — a in (2.1) and use that Tp-a = I- Q 
Theorem 1.1 is a consequence of 

Theorem 2.3. Let U,V : H ^ H be two boundary unitary operators. The corre- 
sponding selfadjoint extensions Pjj and Py of Pq, in {[a, /3]) (g) H, determined by 
(1.2) and (1.3) are unitary equivalent if and only ifU and V are unitary equivalent- 
Proof. Suppose Pu and Py are unitary equivalent. Let W he a, unitary such that 
Pjj = W*PyW, then it follows from the spectral theorem that 

We{aHu) ^ e{aHy)W (2.4) 
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for all real numbers a. Setting a = /3 — ain(2.6) and using Lemma 2.2 leads to 

W {I ®U) = {I ®V)W. (2.5) 

Where / is the identity operator acting in ([a, /?]) . By Proposition 2.1, equation 
(2.4) takes the form 

W {Xa ® JjL^+^J) = (t„ ® yL:r+«J) W (2.6) 
for all real numbers a. Combining (2.6) and (2.5) we have 

where Ih is the identity in H. Therefore 

W{Ta®lH)^{Ta®lH)W. (2.7) 

Let em{x) — e{mx) for x, m G R. Applying (2.7) to f ^ Cm (E) h, m E M., h ^ H , we 
get 

e{ma)W (e„ (g) ft,) (x) = (W (e„ ® /i)) ((a; + a)) 

for all a. Consequently, there are hm in H such that 

(e„ ® ft) = e„ ® ft„ (2.8) 

for all TO. Let P be the projection in {[a, (3]) (E) H onto the functions that are 
independent of x. Setting to = in (2.8) shows that the range of P is invariant 
under W. Hence, 

WP = PWP. (2.9) 
Taking the adjoint of (2.7) and repeating this argument shows that 

W*P = PW*P. (2.10) 
Combining (2.9) and (2.10) we get 

WP = PW and W*P^PW*. (2.11) 
Let i : H ^ L?' {[a^ f3]) E H he the isometric embedding determined by 

for all X in [a, /?]. Then 

r/ - (/3 - a)-^/' f f{x)dx 



for / e ([a, p\) ® H. And, ii B : H ^ H is a. bounded operator, then 

{I®B)i = iB. (2.12) 
Replacing B by B* in (2.12) and taking the adjoint yields 

i*{I®B)^Bi*. (2.13) 

Consequently, 

{i*Wi)U = i*W{iU) 

= i*W{I®U)i (by (2.12)) 
= i*{I®V)Wi (by (2.5)) 
= V{i*Wi). (by (2.13)) 
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It remains to show i*Wi is unitary. It is easy to see that P = ii* and i*i = Ih- 
Recall, Ih is the identity in H. 

Using (2.11). i*i = P, and Pi ~ i simple calculations show that 

{i*Wi)* {i*Wi) = Ih 

and 

{i*Wi) {i*Wi)* ^Ih- 
Therefore, i*Wi is unitary, and U is unitary equivalent to V . 

Conversely, suppose U is unitary equivalent to V. Let be a unitary in H such 
that WU = VW. Then, by Proposition 2.1 

{I®W)e{aPu)f{x) ^ {I®W){Ta®U^^+''^) f{x) 

= (Ta®V^^+''^^{I®W)f{x) 
- e{aPv){I®W)f{x), 
for aU a e M. Consequently, (/ ®W)Pu=Pv{I®W). □ 

3. Eigenvalues 

The first result in this section establishes a relationship between the eigenvalues 
and eigenvectors of V and the eigenvalues and eigenvectors of Py ■ We extend this 
result to include continuous spectrum in Section 4, see Theorem 4.3. 

Proposition 3.1. Let V : H ^ H be a unitary and let Py be the corresponding 
selfadjoint extension of Pq, in {[a, 13], H), determined by (1.2) and (1-3). Then 
A is an eigenvalues of Py if and only if e {{^ — a) A) is an eigenvalue of V. In par- 
ticular, if X is an eigenvalue for Py , so is A+ ^g^, for any integer m. Furthermore, 
hj,l<j<n + lis an orthogonal basis for the eigenspace of V corresponding to 
the eigenvalue e{{/3 — a)X) if and only if fj{x) = e{Xx)hj is an orthogonal basis 
for the eigenspace of Py corresponding to the eigenvalue X. 

Proof. Suppose e — a) A) is an eigenvalue of V and h Cz H is a corresponding 
eigenvector. Let 

f{x) := e{Xx)h. 

Then, V f{a) ~ e{Xa)Vh = e{Xl3)h = f{(3), hence / is in the domain of Py. Since 
Pvf{x) = -^dj{x) = -^d,e{Xx)h = Xe{Xx)h = Xf{x) 

we conclude that A is an eigenvalue of Py 

Conversely, suppose A is an eigenvalue for Py and / is a corresponding eigenvec- 
tor. Then Pyf = A/ implies dxf = ^iriXf. Solving this differential equation gives 
f(x) = e{Xx)h for some h € H. Since / is in the domain of Py, it follows from (1.3) 
that Vh = e ((/3 — a) A) h. Consequently, e ((/3 — a) A) is an eigenvalue for V. 

We leave the details of the eigenvector claims to the reader. □ 

In the remainder of this section we consider the case where a = 0, /3 = 1, and 

H = L^ ([0, 1]) . Hence M' ^ I? ([0, 1]^) . For a measure preserving transformation 

V : [0, 1] [0, 1] and a measurable function B : [0, 1] — ^ R, let V = Vy^g be the 
unitary on ([0, 1]) determined by 

Vg{y) = e{eiy))g{viy)). (3.1) 
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Let v'^{y) = y and inductively w" = f o t/" ^ for n > 0. If 

then it folfows from (2.1) that 

e(aPy)/(x-,y) = e ([x + aj ^(y)) / ((a + x) , 7;L-+''J (y)) 
= e{[x + a}e{y)) f o(j)^{x,y) 

for / in L2 ([0,1]2) . 

Remark 3.2 (Geometric Boundary Conditions). In the case of the unit interval [0, 1], 
the selfadjoint momentum operators are determined by the boundary condition 
/(I) = e{9)f{0). Geometrically, we can think of this as identifying the endpoints 
up to a phase shift. A natural analogue of this for the unit square is the special 
case Vg{y) = e{9)g {{y + r)) , r,6 G K, of (3.1), in this case the spectrum of V is 
well understood, see Example 3.5. A more general analogue of the interval case 
is Vg{y) = e {9{y)) g {{y + r)) , for some measurable 9 : [0,1] — >■ M. In this case, 
the spectral type of V is pure and the multiplicity is uniform, see [Hel86]. The 
exact spectral type depends on the function 9, see, for example, [ILM99] and the 
references therein. 

We have the following corollary to Proposition 3.1. 

Corollary 3.3. v is an ergodic transformation on [0, 1] if and only if <pa is an 
ergodic action o/R on [0, 1]^. 

Proof. Let 9{y) ~ for all y. It follows from Proposition 3.1 that 1 is an eigen- 
value for V with multiplicity one if and only if 1 is an eigenvalue for e (aPy) with 
multiplicity one. □ 

A special case of Proposition 3.1 is: 

Corollary 3.4. Fix r„ in [0, 1[. Let V be determined by Vcn = e(r„)e„, then the 
set 

U (rn + Z) 

equals the set of eigenvalues for Py . 

Rotations provide a natural class of examples for the Corollary 3.4 and Corollary 
3.3: 

Example 3.5 (Rotations). Let < r < 1 be a real number. Consider 

(Vg) {y)^g{v{y)) 
where v{y) = {y + r) is the fractional part of y + r. Using Fourier series, 

aiy) = ^9{n)e{ny) 

where g{n) = g{y)e{—ny)dy, it follows that 

V^9{n)e{ny) = ^g{n)e{nr)e{ny). 
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In particular, en{y) = e{ny) is an eigenfunction for V corresponding to the eigen- 
value e{nr). So, by Proposition 3.1, the set of eigenvalues for Py is the set rZ + Z = 
{ra + 6 I a, 6 S Z} . Compared to the previous example we have r„ = (nr) , the 
fractional part of nr. This is used in Remark 5.7. 

If r is irrational, then v is ergodic. Clearly, 7^ r„ for all m ^ n, so each 
eigenvalue for Pv has multiplicity one. Furthermore, it is well known that the 
sequence r„ is uniformly distributed in the interval [0, 1]. See e.g., [KN74]. 

If r is rational, the set {r„ | 71 e Z} is finite and each eigenvalue of Py has infinite 
multiplicity. 

Example 3.6. liVkQ = govk, where vi{y) = l-y and V2{y) = Ti/2(y) = {y + 1/2} 
is the fractional part of 1/2, then Vi and V2 are unitary equivalent. Hence, Py^ 
and Pv2 are unitary equivalent, by Theorem 2.3. However, dynamically vi is a 
reflection and V2 is a translation. 



In this section we obtain a formula for the spectral resolution Py in terms of 
the the spectral resolution of the boundary unitary V. This is essentially contained 
in Section 3 for the set of eigenvalues. We begin working toward the spectral 
representation of Py, when there is continuous spectrum, by finding the Green's 
function and using it to find a formula for the resolvent of Py . 

Proposition 4.1. Consider a boundary unitary V : H ^ H and the corresponding 
selfadjoint extension Py of Pq, in L'^ {[a, /3]) (E) H, determined by (1.2) and (1-3). 
For all f e ([a, /3] , H), and z £ C\M, 



4. A Spectral Theorem 




(4.1) 



where the Green's function G{x,s,z), is given by 




a < s < X < /3 
a < X < s < P 



(4.2) 



for all z e C\M. Where ex{z) e(Az) = e^^^^^^ 
Proof. Let / G ([a, ^] , i7), z e C\R, and let 



g:^ {z - Py)-'f edom (Py). 
That is, g is the unique solution to the differential equation 

^9ix) - -^.g' [x) = /(x) 
satisfying the boundary condition 

Vg [a) = g (/3) . 

Multiply both sides of (4.3) by the integrating factor e (— zx), we get 

(e {-zx) g{x)) = -i27r e {-zx) f {x) 



(4.3) 



(4.4) 



so that 




(4.5) 
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By the boundary condition (4.4), 

{V - e^_„ (z)) g (a) = -^27r / e (z (/? - s)) / (s) ds. 

J a 

Note that g (a) has a unique solution if and only if e^_Q, (z) ^ sp (V). In that case, 
g (a) = i27r (e^_„ (z) - 1/)^^ / e (z (/3 ~ s)) f (s) ds. (4.6) 



Substitute g (a) into (4.5), and it follows that 

{z - Pv)'^ f (x) = [ i2^{{l-Vefi^^{-z)y^ -l\e{z{x~s))J{s)ds 

J a 

+ / i2T:{l-Vep-a{~z)) ^ e {z {x - s)) f {s) ds. 

J X 

Eq. (4.2) follows from this. □ 

Remark 4.2 (Distribution Theory). Fix z e C\R, and s £ (a,/?). The Green's 
function G (•, s, z) £ ([a, /3] , H) is the unique solution to the differential equation 

= (4.7) 

Here, Sg is the Dirac measure supported at s G («,/?). 
For X ^ s, G is the homogeneous solution, and so 

G(x,.,z)=H;^;^-^» <^j^ (4.8) 

I C2e (z (a; — s)) a < s < x < p 

where ci and C2 are independent of x. 

Moreover, from the theory of distributions, (4.7) implies that 

G (.S-, s, z) -G(s+,s,z) =i27r; (4.9) 
and by the boundary condition (4.4), 

G{/3,s,z) = VGia,s,z) . (4.10) 
Combining (4.8), (4.9) and (4.10), we get 

ci = i27r(l~l/e^_, (-z))^' (4.11) 
C2 = i27r((l-V^e^_„(-z))"'-l) (4.12) 
which in turn yields (4.2). 

From the Green's function, one may reconstruct the projection-valued measure 
associated with Py. Our formula for this measure involves the spectral resolution 
Ey in H of the boundary unitary, written in the form 



V= / e{X)Ev{dX) (4.13) 
J[o,i) 

and the projections 

Ex+rnf := iP - I f f{t)e i^t) dt] (4.14) 



MOMENTUM OPERATORS IN THE UNIT SQUARE 



11 



in ([a, /?]) , m e Z, onto the subspaces spanned by the unit vectors 

We use [0, 1) in the spectral resolution of V, to indicate that, if 1 is an eigenvalue 
of V, then the corresponding atom of Ey is located at and not at 1. For any 
A G R, the functions fx+m,'m G Z form an orthonormal basis for ([a,/?]) and 
TaJn = e {j^^ fn for all G M and all n G Z. 

Theorem 4.3. Let Py be the selfadjoint extension of Pq, in ([a, (E) H, asso- 
ciated with the boundary unitary operator V : H ^ H by (1.2) and (1-3). Suppose 

Pv ^ I \F{dX) 

where F (dX) is the projection-valued measure of Py . Then, for all — oo < fi < ly < 

+ 0O, 

i {F ((^, ly)) + F ([/i, H)) = / J2 (^) ^A±iri ® Ey (dX) , (4.15) 

where Ey (dX) is as in (4-13) and E x+m is as in (4-.14)- 

fi-a 

Proof. Let — oo < ^ < v < oo. By Stone's formula [RS72, pages 237 and 264] we 
have 

i (F ((m, v)) + F{[^i, v])) = lim / X(^,.)(a) ({z - PvY^ ~ {z ~ Py)-') da, 

(4.16) 

where z = z{a, b) := a + ib. It follows from (4.5) and (4.6) that for w G C \ R and 

/ G {[a,l3],H) we have 

{w-Pyy^f{x) = i2TTM^ f\{w{x- s))f{s)ds 



— i27r / e {w {x — s)) f{s)ds 

J a 

where x € [a, /3], 

:= {l-e{-Lw) V)-\ 

and L :^ /3 — a. Hence, 

((0 - Py)-' - (z - Py)-') fix) ^A + B 

where 



A := i2TiM- / e (z {x - s)) f{s)ds - i27rA/;, / e{z{x- s)) f{s)ds 



and 



B 



-i27r 



e I z X 



e z a; 



s)))f{s)ds. 
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Now \e{z{x- s)) ~e{z{x~ s))\ ^ 2 |sin (6 (x - s))| < 2bL, so B ^ as 5 ^- 
uniformly in a. Consequently, when calculating 



i {F[n, v\ + F{n, v)) f{x) lini / {a) Ada. 



We may consider 



i2Tr{MY'M,) / eiz{x - s)) f{s)ds 



in place of A because the norm of 



e (z (x — s)) f{s)ds e {z {x — s)) f{s)ds da 



is bounded above by 

Xi^Ma)\\M,\\2bLda^ I X(^,.)(a) {I - e {^Lz)V)-' 



2bLda — > 0. 

b\0 



The limit = because 



1 - e{X- L{a + ib)) 1 - e2'^^e (A - La) 

fee~2^^e {La - X) 



1 - e-'^^'^e {La - A) 

CXD 

= -fe ^ e-2'^™''e,„ (La - A) 



and 



/ -6 ^ g-2.rmbgi2^(ia-A)m^^ 
J M 1 



'A*- m=l 

oo 



m— 1 



i27TLm \ / 



Jl. V 



< ^ > e 

m— 1 



'2-Krnh 1 



which —5- (uniformly in ) as 6 \ 0. Hence, 

\{F{{^i,u)) + F{[^lM))f{x) 



(4.17) 



= lim / i2T:x(t_i,v){a) {My - Ah) I e {z {x - s)) f{s)dsda 
Using the spectral resolution (4.13) of V we have 

M- - = (1 - e {-Lz) Vy^ - (1 - e (-Lz) V)'^ 

1 1 



jQ j^-j 1 — e(A — La)e{iLb) 1 — e(A — La)e{—iLb) 
Q{n,X-La)Ev{dX), 

[0,1) 



Ev{dX) 
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where := e{—iLb) = e'^^^'' and 

1 - 

^^"■'^^ l-2rcos(2^0) + r2 
is the Poisson kernel for the unit circle. Consequently, 
'^iFii^l,u))+Fi[f,,ly]))fix) 

= \im f i2nx(f,,u){a) i f Q {n, \ - La) Ev{dX) \ [ e {z {x - s)) f{s)dsda 
"^0 J [0,1) Jo Vr^z / 



/ fiE^(..^)mVw'iA)e(A.)/(A) 



Where f{z) := e {—zs) f{s)ds. The last equality follows from the Poisson kernel 
Q(r,9) being an approximate identity as r 1. □ 

Theorem 1.3 is a special case of the following corollary to Theorem 4.3: 

Corollary 4.4. The spectrum of Py equals the set of X £ M. for which e ((/3 — a) A) 
is in the spectrum of V. 

Proof By (4.13) the support of Ey is the set {A £ [0, 1] | e(A) e spectrum(y)} . 
Hence the result follows from (4.15). □ 

Example 4.5. If the spectrum of V equals the unit circle, then the spectrum of 
Pv equals the real line. In particular, the spectrum of Py need not be discrete. 

Theorem 4.6. Let Py be the selfadjoint extension of Pq, in L^ ([a,/?]) ® i/, 

associated with the boundary unitary operator V : H ^ H by (1.2) and (1.3). Then 
Py + 1 / (/3 — a) is unitarily equivalent to Py . 

Proof. For all / £ define 

/ (A + y) := e [j±^t) f{t, y)dt; 

See (4.14). By Theorem 4.3, we have 

f{x,y)= V e A+m {x) «) Ey {dX) f (A + m, y) . 

Moreover, for all s G K, 

e (sPy) fix,y)^ [ V e (^s) e A+m (x) ® Ey (dX) f (A + m, y) . 

Let U be the unitary determined by 

6 A+m+l {x )®Ey{dX)f{X + m,y). 

A direct computation shows that 

e{sPy)Uf = Ue (s ( Py ^ 



/3~ a 
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If, in addition, / e dom{Pv), then difFerentiating the last equation at s = yields 

PvUf = C/ (p. + ^) /. 

That is, PyU = U [Py + 1/ [P - a)). This proves the theorem. □ 

For simplicity suppose /3 — a = 1. The previous two results suggests that Py is 
unitary equivalent to ® ^.g^ {L + k) for some bounded selfadjoint operator < L < 
1. Establishing this as a consequence of Theorem 4.3 provides an alternative proof 
of Theorem 1.2 and of Theorem 1.3. 

Theorem 4.7. Suppose a = and (3 = 1, then = L'^ [0, 1] (g) [0, 1] . Let Py be 

the selfadjoint extension of Pq, in Jif, associated with the boundary unitary operator 
V -.H ^ H by (1.2) and (1.3), 

Lk ■.= PvEp,, {[k,k + l)), 

and Hk '.= Ep^, ([fc, fc + 1))J^. Clearly, Lk is a selfadjoint operator acting in Hk, 
with spectrum contained in [fc, fc + 1] and k + l is not an eigenvalue of Lk. Further- 
more, Py is unitary equivalent to ^kez (^o + ^) • 

Proof. Clearly, Py = ^kez, ^k- For all / e , and k ^Z, define 
/(A + /c,y) := f ex+k {t)f{t,y)dt. 

JO 

By Theorem 4.3, we have 

Ep,{[k,k + l))f{x,y)= f ex+k{x)Ey{d\)f{\ + k,y)- 

J[o,i) 

and 

PyEp,i[k,k + l))f{x,y)^ [ {X + k)ex+kix)Ey{dX)f{X + k,y). 

J[QS) 

Let Uk ■ Hk — > Hq be the unitary operator determined by 



UkEp,.{[k,k + l))f{x,y) = Uk\^J^^^^ex+k{x)Ey{dX)f{X + k,y)j 

ex {x)Ey{dX)f{X + k,y). 

[0,1) 

A direct computation shows that 

{Py + k) UkEp,, ([fc, fc + 1)) / = UkPyEp^ ([fc, k + 1)) /, 

i.e., 

{Py + k) Uk = UkPyEp,, {[k,k + 1)) . 

we then get 

(Lo + k)Uk = UkLk. 
Notice that PyUk = PyEp^ ([0, 1)) Uk. 
Let U := 0fegx Uk, and it follows that 

UPyU* = [/ [ L J [/* = UkLkUt = (Lo + fc) . 

VfcGZ / fcez fcez 

This completes the proof. □ 
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Remark 4.8. The analogue of Theorem 4.7 for Pg in ([0, 1]) , < 6* < 1, deter- 
mined by Pgf = (i27r)^^/' and /(I) = e{9)f{0), states that Pg is unitary equivalent 
to {Lo + k) in f = 0i?o, where Hk = C for aU fc, and LkZ = (6 + k) z for 

5. Spectral Pairs 

In this section we consider momentum operators on product domains [0, 1] x 
in in the cases where 17 = R, 17 = [0, 1], and where f2 is a certain fractal. We 
investigate when the momentum operators in the x and y directions commute in 
terms of the boundary unitaries. 

Recall, two (unbounded) selfadjoint operators A and B commute if and only if 
their spectral measures commute. This is equivalent to the commutation of the 
unitary one-parameter groups e{aA) and e{hB) in the sense that 

e{aA)e{bB) = e{bB)e{aA) 

for aU a, b in M. See, e.g., [RS72]. 

5.1. The Infinite Strip 

In this section we consider the infinite strip [0, 1] xR. We obtain a complete classi- 
fication of the commuting selfadjoint extensions of (i27r) dx and (z27r) dy acting 
in ([0, 1] X R) in terms of the boundary unitary associated with (i27r)^^ dx- Our 
method yields a complete list of the spectra of the infinite strip. This set was shown 
to be a spectral set in [Ped87], but the approach there only yields a partial list of 
the possible spectra. 



Theorem 5.1. Let Jf := L'^ ([a, l3] , L'^ (R)) . Suppose P ^ Pu -.^ is 

' ^ ^ dom(P!7) 

-2 m^ . r2 



the selfadjoint extension corresponding to the unitary operator U : (R) — > L'^ (R) . 
Define Q := , whose domain dom (Q) consists of all f G such that 

' ^ ^ dom(Q) 

■^f (in the sense of distribution) is in . Then P and Q commute if and only if 
U is diagonalized via Fourier transform, as 



U = j^e{-i{X))\ex){ex\d\ (5.1) 
where 7 : R — > [0, 1) is a Borel function. 

Proof. Note that Q is selfadjoint, and the unitary one-parameter group e(tQ), 
t G R, is given by 

eitQ)f{x,y)^f{x,y + t) 

for all f eJif. That is, 

e{tQ)=I(g}Tt (5.2) 

where tj is the translation group in (R). Further, Q is diagonalized via the 
Fourier transform 

Q^I® \\ex){ex\dX. (5.3) 



Here, d\ denotes the Lebesgue measure on R. 

Now, suppose the two unitary one-parameter groups commute. By Lemma 2.2, 

e{{l3-a)P)^ I® U. 
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It follows that I ®U commutes with e (tQ), for all i G M. From (5.2)-(5.3), we see 
that 

{I®U)e (tQ) = {1(E) U) {I<g> Tt) ^ I® Un 
e (tQ) (/ [/) = (/ ® Tt) (/ ® nU; 

hence Urt = TtU, for aU t e M. Consequently, e.g., [SW71, Theorem 3.16], U is 
diagonalized via the Fourier transform, as in (5.1). 

Conversely, suppose U is given by (5.1). Fix / e Jff, t e M. For all 7i e Z, we 
have 

(/, e (tQ) (1 ® [/") /) = / e„ (A) (/, e (tQ) (dA) /) ; (5.4) 

J[0.1) 

and 

(/, (1 ® t/") e (tg) /) = / e„ (A) (/, (dA) e (tQ) f) . (5.5) 

J[Q.l) 

Note that, by assumption, U is diagonalized via Fourier transform, and so 1 [/" 
commutes with e{tQ), for all n G Z. Therefore, the two Borel measures, on the 
right-hand-side of (5.4) and (5.5), have the same Fourier coefficients; thus 

(/, e (tQ) Eu (dX) /) = (/, Eu (dX) e (tQ) f) . (5.6) 

Multiplying e (sA) on both sides of (5.6) and integrating over [0, 1), we get 

e (sA) (/, e (tQ) Eu (dX) f) = f e (sX) (/, Eu (dX) e (tQ) f) 

[0,1) J[Q,1) 

i.e., 

(/,e(tg)e(sP)/) = (/,e(sP)e(tQ)/) 

for aU s e K. 

Since / and t are arbitrary, we conclude that e (sP) commutes with e (tQ), for 
all s, t G R. □ 

Remark 5.2. To put [/ in (5.1) into the standard projection-valued measure form 
(4.13), let E{dX) |eA)(eA|dA, and Eu := £^07-1. Hence, 

U= / e (7 {X))E (dX) = / e{X)E (7-^ (dA)) = / e (A) Eu (dX) . 

JR "'[0,1) "'[0,1) 

Note that, for all ip e (M), and aU Borel set A in M, 
\\E{A)^f = [ \^{X)\'dX 

J A 

\\Eu{A)^f = f \?{X)fdX. 
Remark 5.3. It follows from Theorem 4.3 and Remark 5.2 that 
Pu^ H + 1'=^+™ ) ^ ^^+" I ® ^'^ 

= / (7(^) + ™) |e7(A)+m )(eT,(A)4-m| ® |eA )(eA| dA 
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Moreover, Q is diagoiialized via the Fourier transform, see (5.3). Therefore, the 
joint spectrum of Pjj and Q is the closure of the set 



:= 



7(A) + m 
A 



TO e Z, A e 



provided 7 has been chosen such that e(7(A)) is in the spectrum of U for all A. 

5.2. The Unit Square 

In this section we consider the unit square [0, 1]^. We obtain a complete classi- 
fication of the commuting extensions of -^dx and -^dy acting in ([0, 1]^) in 
term of the boundary unitaries, see also [JPOO]. As a consequence we recover the 
list of all possible spectra of [0, 1]^ first obtained in [JP99]. 

Lemma 5.4. Let (AT, SJlx, /^) and {Y, 9Jty, v) be measure spaces, where fi is a com- 
plex measure on dJlx and v a positive measure on DJly ■ Let n : X ^ Y be a 
measurable function. 

Suppose there is a family of measures {-0 (j/, such that, 

(1) For all y €Y , {y, ■) is supported in it~^ (y); 

(2) For all B € Mx, ip (-,5) G L^ {du); and 

/i(B) = j ^{y,B)y{dy). (5.7) 

Then, for each B G 9Jlx, (•, B) is uniquely determined. That is, if {tp' (y, Ol^gy 
is another family of measures satisfying (l)-(2), then for all B G 9Hx, 

iP{-,B)^iP'{-,B), V - a.e. 

Proof. Fix B G Wlx- For all G OTy, we have 

(y, B) V (dy) ^ li'{y,Bn (F)) v {dy) ^^i{BC^ (F)) . (5.8) 

Note the first equality follows from the assumption that ip (y, ■) is supported in 
7r~^ (y), for all y G F. 

Consequently, [B flTr^^ (•)) <C v. and the associated Radon-Nikodym deriva- 
tive is ip{-,B). If {y, ■)}y(zY '^^ another family of measures as stated, then (5.8) 
holds with ip' on the left-hand-side. The uniqueness of Radon-Nikodym derivative 
then implies that ip (•, B) = ijj' (•, B), v-&.e. □ 



Theorem 5.5. Let := [q, 1] ^ 1,2 jq^ j^j P ^ Pi 



2 rn 11 p _ p,, — J_A. 

i27r dx 



and 

dora(Pu) 

be the selfadjoint extensions corresponding to the bound- 

dom(Q) 

ary unitary operators U : L^ (ly) — >■ L^ (ly), V : L^ (Ix) (Ix), respectively. 

Then P and Q commute if and only if there are a, (3m S [0,1) such that 

Vca+m = e{Prn)ea+m and U = e{a)I (5.9) 

or 

V = e(a)/ and Uca+m = e{f3m)ea+7n (5.10) 

for all m G Z. 
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Proof. Suppose 



U = / e{X)EuidX) (5.11) 
J[o,i) 

P = f XEp{dX) (5.12) 



where Eu and Ep are the respective projection- valued measures. By Theorem 4.3, 
for all Borel set A C K, 

Ep{A) = / {X, A) ® Eu {dX) ; where (5.13) 
J[o,i) 

*(A, A) := ^ Xa (A + m) |eA+rn )( (5.14) 
mez 

Let / g e jr, then 

(/®5,(F®/)i?p(A)/®g) = / (/,yvi;(A,A)/)||i?c/(dA)gf (5.15) 

J[0,1) 

2 



(/®5,i?p(A)(T/®/)/®,g) = / (/,vI'(A,A)y/)||i?c;(dA).9r-(5.16) 

J[Q,1) 

Now, suppose e{sP) and e{tQ) commute, for all s,t G M. In particular, by 
Lemma 2.2 

V(g,I = eiQ) 

so that y (g)/ commutes with e (sP), s € M. Similarly, I ®U commutes with e (iQ), 
t e R. 

Hence, the two complex Borel measures on the left-hand-side of (5.15)-(5.16) are 
identical. We denote this measure by ji. Also, let 

v{dX) -.^ \\Eu {dX)gf. 

Define tt : (K, /i) ^> (T = [0, 1) , v) as the quotient map. Set 

^i(A,-) := (A,.)./) 
7/^2 (A,-) := (/,vI/(A,-)l//). 
Then, for j = 1,2, we have 

(1) For all A e [0, 1), -0j (A, ■) is supported in tt^^ (A) = A + Z; see (5.14); 

(2) 7A,(.,A) GL-(z.),and 



(A) = / (A, A) V (dX) ; 
J[o,i) 

see (5.15)-(5.16). 

Thus, by Lemma 5.4, (/, T/^- (A, A) /) = (/, * (A, A) \//), v-a.e. Since / is arbi- 
trary, we conclude that 

V^{X,A) =^{X,A)V, v-a.e. (5.17) 

for each Borel set A C M. 

Note that ^ (A, •) is a resolution of identity in [0, 1], thus (5.17) implies that 
there exists Px+m £ [0, 1), m e Z, such that 

Vex+m = e iPx+m) ex+rn, V - a.e. (5.18) 
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Let S be the set of A G [0, 1) such that (5.17) holds, thus, i/ (5"") = 0. We proceed 
to show there are two possibihties: 

Case 1. S* = {a}, i.e., a singleton. Then (5.18) yields 



V" = ^ e (^m) \ea+,n){ea+n 



Moreover, since lyg (dX) = \\E(j (dX) g\\'^ is supported at {a} and g was arbitrary, it 
follows that 

U = e{a)I. 

This yields (5.9). 

Case 2. S consists of more than one point. Let A, A' be distinct points in S. 
Then 

(e {P\+m) - e (/3A'+m')) {e\'+m',e\+m) 

= 0. 

Since (cA'+m', eA+m) 7^ 0, there is a constant a G [0,1), such that Px+m = a, for 
all A G [0, 1), and m G Z. That is, 

V ^e{a) I. 

We then run through the argument used in the proof, starting with the fact that 
I ®U commutes with e {tQ), t G K. It follows that 



= ^ e (/3„) \ea+n ){ea+n\ 



This yields (5.10). 

The converse is essentially trivial. For example, if (5.9), then the functions 
Ga+m ® e/3„+„, 771,77- G Z is a Complete set of joint eigenfunctions for Pjj and 
Qv- " □ 



Remark 5.6. In case (5.9) the joint spectrum of P and Q is 

777,77 gzI, (5.19) 



a + 777 

since Theorem 4.3 in this case states that 



P = (m + a) \ea+,n){ea+m \ ® I 

= ^ im + a)\e I ( k^?^+n )(e^^+ 

g = ^ (/3,n + ri)(| l) ® (|e/3„ 

Similarly, in case (5.10) the joint spectrum is 

{(^'+;)|777 , 77 GZ}. (5.20) 

That this is the possible joint spectra was established in [JPOO] by a different 
method. 
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Remark 5.7. Suppose (5.10), then U is unitary equivalent to [/e™ — e(/3,„)em. 
Hence Pu is unitary equivalent to Pjj by Theorem 2.3. Furthermore. U is a, geo- 
metric boundary condition, more precisely, a rotation if and only if there is a real 
number r, such that is the fractional part (rm) of rm for all m. See Remark 3.2 
and Remark 3.5. 

5.3. A Fractal 

Let fj. he a, probability measure with support C C M. Suppose the functions 

CA, A e A 

form an orthonormal basis for L^{fi). Let Q be the selfadjoint operator determined 

by 




c\g\ ® ex^ = ^ Xcxgx » ex 

whose domain is the set of all g £ i^([0,l]) and all finite sums X^a "^^5^ ^ 
with ca S C, (7a € -^^^([Ojl]): and A G A. Then Q is essentially selfadjoint and 
Qf = i^dyf for any f = g ® X^a ^aGa- See also Appendix B. We also denote the 
closure of this operator by Q. 

Theorem 5.8. Let U he a unitary on H ~ Lp'if) OLnd let Pu he the corresponding 
selfadjoint extension of Pq, in ([0,1]) <Ei H determined hy (1.2) and (1-3). Then 
Pit and Q commute if and only if the function ex, A G A are eigenf unctions for U. 

Proof Since e{tQ)f®ex = e{tX)f®ex for all f e L'^ ([0, 1]) and ah A G A it follows 
that 

e{tQ) = I (E) e{tQ) (5.21) 

where Q acting in L^{n) is determined by Qex = Aca for A G A. 

By Lemma 2.2 e{P) = / (g) [/, so it follows from e{tQ)e{P) = e{P)e{tQ) and 
(5.21) that 

e{tQ)Uex = e{tX)Uex. 
Consequently, Uex is a multiple of ex- 

The converse is trivial, see the proof of Theorem 5.5. □ 

Remark 5.9. If 7 : A — > [0, 1) is such that Uex ~ e{'y{X))ex, then the functions 

ej(\)+m «) eA, TO G Z, A G A 

form an orthonormal basis for ([0, 1]) ® (/i) consisting of joint eigenfunctions 
for Pjj and Q. Consequently, the joint spectrum of Pu and Q is the closure of the 
set of (joint) eigenvalues 

A,:=|(^^(Y")l™^^'^^4- ^^-^^^ 
Example 5.10. Consider the Cantor set 

C := 

and the set 

A 
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If jj, is the measure determined by 



.k=l 



k=l 



for all n > 1, where dk G {0, 3}, then C is the support of C and it was shown in 
[JP98] that the functions e\, X € A form an orthonormal basis for The set 

A is called a spectrum oi (i. li v ~ m ® where m is Lebesgue measure on the 
interval [0, 1], then it follows from [JP99] that 

is a spectral pair, where is determined by (5.22). This, combined with Remark 
5.9, gives an explicit formula for the possible joint spectra of commuting pairs Pu , Q 
in terms of the choice of a function 7 and the spectrum A of /i. Not all exponential 
basis for are know, see the paper [DHS09] and its references for constructions 

of other exponential basis for 



Appendix A. Selfadjoint Extensions 

Fix real numbers a < /3 and a Hilbert space H. Consider the Hilbert space 
Jif := {[a, P], H) = {[a, P]) ® H 
of L^— functions [a,/?] — > H equipped with the inner product 

(/l.9):= / {f{x)\g{x))dx, 



where (/(.t) | g{x)) is the inner product in H. We will consider selfadjoint restric- 
tions of the operator P = Pniax determined by 

Pf---r^^f = ^f, (A.l) 
iZn ax iZtt 

with the (maximal) domain 

dom(P) := { / e L'i[a,p],H) : /' € Lma,p],H)} . (A.2) 

Let Pmin be the restriction of P to the (minimal) domain dom (Pmin) := ([«, P])'S> 
H. Finally, let Po be the restriction of P to the domain 

dom (Po) {/ e dom (P) | f{a) = f{j3) = 0} . 

Integrations by parts shows that (Pq/ | g) = (/ | Pog) for all f,g in dom(Po) and 
consequently also (Pmin/ | g) = (/ | Pminff) for all f,g in dom (Pmin) - Hence, Pq 
and Pmin are densely defined symmetric operators in i^([a, /3] , H). 

Clearly, Pmin is a restriction of Pq. A consequence of the next lemma is that Pmin 
and Pq have the same selfadjoint extensions. 



Lemma A.l. We have 



Recall, P = Pn: 



p* p* p 

^min ^ ^0 ^ ^- 
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Proof. Fix / G L^{[a,l3],H) with /' e {[a, l3], H) . For g e C;?°([a,^]) ^ H 
integration by parts yields 



{Pming \f)^i^ f (g'ix) I fix)) 

J a 



dx 



= -lh f {9{x)\f'{x))dx, 

J a 

since g{a) = g{l3) = 0. Consequently, / is in doni(P*ji„) and P*^^J = -^f. 

Conversely, fix / e I? (P,^ J . Let g := P*^,J and G(x) := For h G 

C,°°([a,/3) ® 7J we have (F,„i„/i | /) = (/i | P,;;,,/) = {h \ g) , hence integration by 
parts leads to 

-L.{h'{x)\f{x))dx= f {h{x)\g{x))dx 

J a 

fi 

(h'ix) I G{x))dx 

J a 

since h{a) — h{f3) ~ 0. Consequently, 



13 

h'{x) 



-lf{x) + G{x)^dx = 0, 

for all h e G^{[a,/3]) (g) H. It follows that -7^/(2^) + G(x) is constant. Using the 
definition of G we conclude /' exists and 

J-/' = G" = g = P*/- 

Hence / is in doni (P) and P*^i^^f — Pf- 

Repeating this argument shows that Pq = P. □ 

When working with the von Neumann parametrization of the selfadjoint exten- 
sions of a symmetric operator, it is important to start with a closed operator, hence 
the following lemma is important. 



Lemma A. 2. The closure P,nin o/Pmin equals Pq, in particular, Pq is closed. 



Proof. Using Lemma A.l we see that Pmin = Pm*n = P* = Pq* = Pq. Hence, it is 
sufficient to show that Pq** = Pq. Fix / e dom (Pg**) . We must show / e dom(Po) 
and Pq**/ = ^/'. Let g P^* f and G{x) g{t)dt. For h e dom(Po*) we 

have (Po*/i | /) = {h \ Pq* f) ~ {h \ g) . Hence integration by parts leads to 

f ^ ^^'^""^ ' ^^""^ )dx^ {h{x) I g{x) ) dx 

= B{h,G)- / {h'{x)\G{x))dx, 

where 

B{h,G) := {h{l3) \ Gm - {h{a) \ G{a)) . 
We can add a constant function 0(a;) = tp to h without changing h' . Hence, for such 

P(/i, G) ^ B{h + G) P(/i, G) + P(0, G). 
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Consequently 5(0, G) ~ for all constant functions (j>{x) = ip. This means that 

(V I G(/3) - G)a)) = 

for all i/j e H. So G'(/3) = G{a) = 0. Now it follows, as in the proof of the previous 
lemma, that j^fix) ~ G{x) is constant in the x variable, hence /' exists and 

= G' = g = P**f. 

In particular, /' e {[a,/3],H) and P^**/ = ^/'. 

It remains to check that f [a) = f {l3) ~ 0. If g e dom (Pq*) , then (Pq*^ | /) = 
(g I Pq**/) . This means that 

| /(x) ) d.T = - T | /'(x) ) dx. 



Integration by parts shows that the two sides of this equation differ by 

Bif,g) = {gW)\fm-{g{a)\f{a)). 

Hence, B{f,g) ~ for all g £ dom(P*) . Since, /3 7^ a, there are functions g in 
dom(P*) that are zero on one boundary point and an arbitrary element of H on 
the other boundary point. Consequently, / (a) = / {(3) =0. □ 

Lemma A. 3. The orthogonal complement of the range of Pq is the set of functions 
f in L'^{A) of the form /(.t, y) = h{y) for some h in H. The orthogonal complement 
of the range of Pq ± i is the set of all functions f± in ([a, such that 
f±{x) = exp(±27ra;)/7., for x in [a, /3] and h in H. 

Proof. Suppose / is in the orthogonal complement to the range of Pq. Then 

(^^0.9 I /) = 

for all g £ P'(Po), hence / £ D (P^) and Pq*/ = 0. By Lemma A.l /' = 0. 
Solving this differential equation gives the desired conclusion. The calculation of 
the orthogonal complement of the range of Pq ± i is similar. □ 

Proposition A. 4. The selfadjoint extensions of Pq are parametrized by the uni- 
taries V : H ^ H. The selfadjoint extension Py of Pq corresponding to the unitary 
V is the restriction of P = Pmax whose domain dom (Py) consists of the functions 

fix) + e^'^e^-^'/i + e^'^^^-^V/i, 

where f £ dom(Po) and h £ H. The action of Py is 

Pv ( fix) + e^'^'^^-^^h + e^'^^^-^V/i) = —f'(x) + ie^^'^'^-'^^h - le^'^^^-^V/i 
where f and h are as above. 

Proof. This is an application of the von Neumann index theory, see e.g., [RS75] for 
an account of this theory. Pq is densely defined, since C^{[a, (3]) (E) H C dom(Po) 
and Pq is closed by Lemma A. 2. The deficiency spaces ^± (Pq) := ker(Po =F il) of 
Pq are 

^± (^0) = {/ e ([«, PIH)\ fix) ^ cxp iT2TTx) h,heH} (A.3) 

according to Lemma A.3. In particular, dim^+ (Po) = 00 = dimi^_ (Pq) , and 
consequently, Pq has selfadjoint extensions. 
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By the von Neumann theory, the selfadjoint extensions of Pq are parametrized 
by the partial isometries W with initial space (Pq) and final space (Pq) . 
Specitically. the selfadjoint extension Pw corresponding to the partial isometry W 
is the restriction of P = Pq to the domain 

dom (Pw) ■■= {f + f+ + Wf+\fe dom(Po), /+ G (Pq)} . 

If f+{x) := e^'^^'^-^^/i and f^{x) := e^^'^-^V/i, then 

MU\\lmo..M.H) = (^''^^'""' - 1) Mh - MVhWl. 

The correspondance between W and V is determined by 

p^g2.r(^-x)^^g27r(:r-a)^^_ 

The claims are now immediate. □ 

Another way to describe the selfadjoint extensions of P are through boundary 
conditions. 

Proposition A. 5. The selfadjoint extensions of Pq are parametrized by the uni- 
taries V : H ^ H. The selfadjoint extension Py of Pq corresponding to the unitary 
V is the restriction of P = Pmax with domain 

dom (Py) := {/ e dom (P) | /(/?) - Vf{a)} . (A.4) 
Proof. If / G dom (P) , then we saw in the proof of Lemma A.l that 



f{x) = h+ Pf{t)dt, 

Ja{y) 

for some h in H. In particular, f{a) and /(/?) are well-defined elements of H. 
Integration by parts shows that for /, g G dom (P) we have 

{Pf\9)^Bif,g) + {f\Pg) 

where 

B{f,9) ^ (/(/?) I 9{f3)) - if (a) \ g{a)) . 

Since h is arbitrary in H, the maps 

/ G dom(P) ^ f{a) G H and / G dom(P) ^ /(^) G H 

have dense ranges. Consequently, the result follows from [dO09, Theorem 7.1.13]. 

□ 

Let VyN be the unitary from Proposition A.4 and let Vb be the unitary from 
Proposition A. 5. 
The function 

g{x) = fix) + e2-('3--)/i + e2-(--")Kjv/i, 

from Proposition A.4 has boundary values f{a) ~ e?^'^^~"'^ h+VnNh and /(/3) = h+ 

e^AP-o^)V,,i^h. Hence, h = (e^'^C'^-") + Kw)"^ f{a) and /(/3) = (l + e^'^^^-^^Kw) h. 
It follows that 

= (l + e^^^P-'^W.M) (e^-^'^"") + Ka) . 

Conversely, 
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Hence, Proposition A. 4 and Proposition A. 5 are, in fact, equivalent. In particular, 
we could have established Proposition A. 5 without appealing to [dO09, Theorem 
7.1.13]. 

Appendix B. Questions 

Problem B.l. A set A is a tiling set for the square [0, 1]^ if UagA + 1]^) = 
and the overlaps are null sets. It is known that A is the joint spectrum for some 
commuting extensions P, Q as in Theorem 5.5 if and only if A is a tiling set for the 
square, see [JP99], [IP98], [LRWOO]. In case (5.9) with a = and /3„ = (rm) for 
some r S R we see that both U and V are determined by the geometric boundary 
conditions from Remark 3.2. I might be of interest to investigate the relationship 
between geometric boundary conditions and the boundary unitary operators U and 
V in more detail. 

Problem B.2. Suppose (/^, is a spectral pair. Then f{x) = J f{X)e{Xx)di'{X). 
Let 

e(6Q)/(a;) j e{b\)f{\)e{\x)dv{\). (B.l) 

Then e {hQ) f{x) = f{x + h) for a.e. x such that a; + & is in the support of /i. So, 
ignoring null sets, if fe„ — > and x + 6„ is in the support of ^ for all n, then 

eM)f{x)~f{x) ^ 2) 

but the limit also equals i2T:Qf{x). Hence, Q determined by {B.l) can be thought of 
as a selfadjoint realization of -^-^ in L?{^). Theorem 5.1 considers the case where 
fi is Lebesgue measure on the real line and Theorem 5.8 a certain restriction of 
1/2— dimensional Hausdorff measure. A common generalization of these two cases 
is: 

Theorem. Suppose v) is a spectral pair of measures on R and Q is determined 
by {B.l). Let Jif := ([0, 1])(8)L^(//), let U be a boundary unitary in (fj.) and let 
Pjj be the corresponding selfadjoint extension of Pq. Then Pjj and I ® Q commute 
if and only if 

Uf{x) = I e(7(A))/(A)e(Ax)di.(A) 
for some v~measurable function 7 : R — [0, 1). 

Is there a way to generalize this to also include Theorem 5.5 as a special case? 
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